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Consider a symplectic manifold (M, ω), a coisotropic submanifold N ⊆ M, and a Hamiltonian diffeomorphism ϕ : M → M. The isotropic (or characteristic) distribution T N ω on N gives rise to the isotropic foliation on N. A leafwise fixed point for ϕ is a point x ∈ N for which ϕ(x) lies in the leaf through x of this foliation. We denote by Fix(ϕ, N) the set of such points. A fundamental problem in symplectic geometry is the following:
Problem. Find conditions under which Fix(ϕ, N) is non-empty and find lower bounds on its cardinality.
This generalizes the problems of showing that a given Hamiltonian diffeomorphism has a fixed point and that a given Lagrangian submanifold intersects its image under a Hamiltonian diffeomorphism. References to solutions to this problem are provided in [Zi1, Zi2] .
Assume that ϕ is the time-1-map of a global Hamiltonian flow whose restriction to N stays C 0 -close to the inclusion N → M, and that (ϕ, N) is nondegenerate in the sense of [Zi1] . The main result of [Zi2] (Theorem 1) implies that under these conditions Fix(ϕ, N) is bounded below by the sum of the Betti-numbers of N. This result is optimal in the sense that the C 0 -condition cannot be replaced by Hofer smallness of ϕ.
In Potentially a (more) global version of coisotropic Floer homology may be defined, so that the C 0 -condition on ϕ in [Zi2, Theorem 1] can be relaxed.
2 This may also yield a lower bound on Fix(ϕ, N) that is higher then the sum of the Betti numbers of N, for a suitably generic pair (ϕ, N).
The local coisotropic Floer homology may play a role in mirror symmetry, as physicists have realized that the Fukaya category should be enlarged by coisotropic submanifolds, in order to make homological mirror symmetry work, see e.g. [KO] .
To explain the definition of this homology, consider a symplectic manifold (M, ω), a closed coisotropic submanifold N ⊆ M, a diffeomorphism ϕ of M, and an ω-compatible almost complex structure J on M. Assume that ϕ is the time-1 map of a Hamiltonian flow on M whose restriction to N stays "C 0 -close" to the inclusion N → M, and that (ϕ, N) is nondegenerate in the sense of [Zi1, p. 105] .
Heuristically, we define the local Floer homology HF(N, ϕ, J) as follows. Its chain complex is generated by the points x ∈ Fix(N, ϕ), for which there is a "short" path from x to ϕ(x) within the isotropic leaf through x.
To explain the boundary operator ∂ = ∂ N,ϕ,J , we denote by ι : N → M the inclusion map. We equip the product M × N with the presymplectic form ω ⊕ (−ι * ω). By [Zi2, Lemma 4] there exists a symplectic submanifold M of M × N that contains the diagonal N := (x, x) x ∈ N as a Lagrangian submanifold. We shrink M , so that it is a Weinstein neighbourhood of N. The map ϕ induces a Hamiltonian diffeomorphism ϕ between two open neighbourhoods of N in M . The structure J induces an almost complex structure J on M that is ω-compatible.
The boundary operator ∂ is now defined to be the boundary operator of the "local Lagrangian To understand why heuristically, the boundary operator is welldefined and squares to zero, observe that N intersects ϕ To make the outlined Floer homology rigorous, the words "close" and "short" used above, need to be made precise. To obtain an object that does not depend on the choice of "closeness", the local Floer homology of (N, J) should really be defined to be the germ of the map ϕ → HF(N, ϕ, J) around id : M → M.
By showing that HF(N, ϕ, J) is isomorphic to the singular homology of N, it should be possible to reproduce the lower bound Fix(ϕ, N) ≥ sum of the Betti numbers of N with Z 2 -coefficients, which is provided by [Zi2, Theorem 1(i)].
